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1. Scalars, Vectors, Matrices and Tensors

o
«  AZial(scalar): ofLt2| &=
- HIE{(vector): 52| i (array)
- Al (matrix): £59| 2K HHE

- HM(tensor): 29| CtX} HIE

1l

5 4 19 8
(11) 7 1.5
513[7] : 6 3 =
Row Vector Column Vector
SCALAR (shape 1x3) (shape 3x1) MATRIX
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1. Scalars, Vectors, Matrices and Tensors

A
=4

- AZhaKscalar): 22(R)

Jfol

S XOIA(N)Q 22 42 EH, s€R, neN

X1
-  HIE(vector): nX}& BIEl x = (xq, ..., x,,) = l : | e R
xn
x9| Il A(index) iOfCt ¥A(element) x; L&t

I|:I6|=|I-(Se't) S = {ll, llsl}O'” I:HOH Xg = (xll, . 'xi|5|) = ]R|S|

« HIE{O| AL HIIE{SH(vector addition): Vx,y ER™ i x+y = (X1 + V4, e, X + Vi)
AZtatE (scalar multiplication): VA € R,x € R™ : Ax = A(xy, ..., %) = (Axq, ..., Ax,)

==t - Linear Algebra
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1. Scalars, Vectors, Matrices and Tensors

M
Al,l Al,n

o SH(matrix): mxn&d@B A= ¢ ~ i |eR™"
Am,l Am,n

A9| BE(tuple) (i,j)OCt B A; ; gt

S

o M M(row) 4;. € R™, AQ| jHX{ H(column) 4.; € R™
HAZt(matrix-valued) &= £ (i, )H)HW Sentry): f(A)”

02

- HiM(tensor): AQ| ZtH(coordinate) (iy, ..., i )OtCE B A; ;8
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1. Scalars, Vectors, Matrices and Tensors

09.':
lO

=22 7|= gt

HX|(transpose): Y=
5H =

Aiq Asq Azq
Ajo Aso Az
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1. Scalars, Vectors, Matrices and Tensors

AF| 7= ALt

- AF S (matrix addition): 4, BE| &, G| 7t 25 M, C = A+ B where C;; = A;; + B; ;
AZetE(scalar multiplication): D = a - B where D;; = a - By

1S

* D=a-B+cwhereD;j=a-B;j+c
- H=ZEI{A8(broadcasting): € = A+ b where C;; = A; ; + B,

==t - Linear Algebra
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2. Multiplying Matrices and Vectors

- ME/AZEtE(dot product, scalar product):
22 xtel(dimension)2] HIE{S x, yOfl CHoll xTy = X, x;y;

191 219) s} BO| 20| a7} ZE T, € = AB where Cy; = Sy Ay B,

- OlCtOt2&//AYHE(Hadamard product, element-wise product):
A, B 8, Ho| 47t 22 I, € = AGB where C;; = Ay - By,

==t - Linear Algebra
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2. Multiplying Matrices and Vectors

al
=

z
10
I

A

oy O
o
Jﬂ .

tHXl(associativity):
mxn B e R : (AB)C = A(BC)

(distributivity):
mxn ¢ D e RP : (A+ B)C = AC + BC, A(C + D) = AC + AD

<
T
m
s

f

2

o
)

l(commutative):
A g ot et AB + BA

OH 0f m CE
)

02 Rl > [
2l o

r

i
T
= [IF
1

i

—

=
<
Il
<

= BTAT

N\
0
oy
\—r
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==t - Linear Algebra



Page 10 AR=ET 0 (0] 577

2. Multiplying Matrices and Vectors

Ol X
Example 2.3
1 2 3 2x3 U 2 aX2 .
For A = 3 9 1 e R**°, B= |1 —1| € R’>*%, we obtain
_0 1_
- 0 2
AB=|; 2 0|1 1| =[] Jler> (2.15)
L 1 L
0 2 3 6 4 2]
BA= 1 -1 ; —2 0 2| € R**3. (2.16)
0 1 13 2 1

A
T

st - Linear Algebra
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2. Multiplying Matrices and Vectors

MG A|AE(linear system, system of linear equations): M HZI B Al

A1’1x1 + -+ A]_’nxn — b1

. : g OtESHE dli(solution) (xyq, ..., x,) S Fol= 24
Ap1xy + -+ ApnXn = by

« Ax =bwhere A € R™" b e R™ xeR"

238li(particular solution) 715t7|
= off

L= F&ZHnull space) F+ot7|

- Q| = 1Yl GHE &M YbtsH(general solution) TL5}|
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For a € R, we seek all solutions of the following system of equations:

—2x,
4z,
Iy
X1

_+_

4z,
A
214
219

_I_
_I_

2r3 —
3r3 —
Iy —

Ly
314
L4
324

+ 4z
AF Is
+ Is
+ 4dzs

= -3
2
)

a

(2.44)

We start by converting this system of equations into the compact matrix
notation Ax = b. We no longer mention the variables x explicitly and
build the augmented matrix (in the form |A | b|)

—2
4
1
1

4
—8
—2
—2

—2
3
1
0

—1
—3
—1
—3

4
1
1
4

_3'
2
0

a

Swap with Rj

Swap with R,

where we used the vertical line to separate the left-hand side from the
right-hand side in (2.44). We use ~~ to indicate a transformation of the
augmented matrix using elementary transformations.

— Linear Algebra
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Swapping Rows 1 and 3 leads to

1 =2 | 1 0 |
4 -8 3 -3 1 2 | —4R,
—2 4 -2 -1 41 -3 | +2R,
044 1 -2 0 -3 4 a | —R

When we now apply the indicated transformations (e.g., subtract Row 1
four times from Row 2), we obtain

1 -2 1 —1 1 0
0 0 -1 1 —3 2
0 0 0 -3 6 -3
i 0 0 —1 -2 3 (1) | _R2 - R;g
[ 1 -2 1 —1 1 0 ]
- 0 0 -1 1 —3 2 (—1)
0 0 0 -3 6| -3 | (-%)
0 0 0 0 0| a+1
T 1 =2 1 -1 1 0
0 0 1 —1 3 —2
” 0 0 0 1 -2 1
0 0 0 0 0|a+1

==t - Linear Algebra



Page 14
This (augmented) matrix is in a convenient form, the row-echelon form Page 14/52

(REF). Reverting this compact notation back into the explicit notation with
the variables we seek, we obtain

I — 2.’1,"2 + Iz — T4 + rs = 0
r3 — T4 -+ 3r; = =)
Of| K Te — Ow. — ] (2.45)
0 = a+1
Only for a = —1 this system can be solved. A particular solution is
. - o
To 0
3| = —11 . (246)
Ty 1
zs] L0

’ "9 9] "9 ] i
0 1 0
A~ IR,E' x= |—1 ‘I‘A]_ 0 +)\2 —1 . A]_’Ag cR ;. (2.47)
1 0 2
| | 0 0] iy )

==t - Linear Algebra
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3. ldentify and Inverse Matrices

HEO| H

- SAH(identity matrix): nAHH SSHE L(E= N2 U238 UE, vx eR" [ [ x = x
« HaliH(inverse matrix): A4 =447t = 1,3 UESH= AE A7

+ 7t9l=(invertible matrix): GHZH0| EXHot= HW(square) WS A

« A7} 71U M, MBAAE Ax=bh © A 'Ax=A"b o x=A"'b

o A7} ™MEGHEHO| O I, Ax =b © ATAx=A"bh ©x=(ATA)"'A"b
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3. ldentify and Inverse Matrices

04| K

Example 2.9 (Calculating an Inverse Matrix by Gaussian Elimination)
To determine the inverse of

1 0 2 0]
I 1 0 0
A=11 2 0 1 (2.57)
11 1 1]
we write down the augmented matrix

(1 0 2 0| 1 O 0 O]
1 1.0 0,0 1T 0 O
1 2 0 110 O 1 O
1 1 1 1|0 0 0 1.

==t - Linear Algebra



3. ldentify and Inverse Matrices

NN Page 17/52

Gil X and use Gaussian elimination to bring it into reduced row-echelon form
1 0 0 0|-1 2 -2 2]
o 1 o0 O 1 -1 2 =2
o 0 1 O 1 -1 1 -1
0 0 0 1|-1 0 -1 2 |
such that the desired inverse is given as its right-hand side:
-1 2 -2 2]
4|1 -1 2 =2
A = L1 1 1 (2.58)
=1 0 =1 2

We can verify that (2.58) is indeed the inverse by performing the multi-

plication AA~" and observing that we recover I,.

— Linear Algebra
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4. Linear Dependence and Span

- M3 ZEH(inear combination): WEIEQ| T {vW), ..., v}, M2 ¢y, .., ¢, O THH 3, c;v 0

« MX(span): WE HE {vW, ..., o]0l THell ZE TtsSt MEARS FE Y ;v ey, ..., cn ER}

- ¥Z7ZHcolumn space) = X|H(range): {Ax|x € R"} = {}; x;A.; |xq, ..., x, € R} € R™

=
- 2X|(consistent): MYA|AH Ax =

b2l a7t EX= A2 E&ZH0| b= Eelol= A= 20|
+ UYAAEL| ofi= AU, F&0l/L, Feto| BE = US

ot =5t - Linear Algebra
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4. Linear Dependence and Span

oA
The following three linear systems

2x1+x, =3 2x1 +x, =3 2x1+x, =3
(a) 2x1 — Xy = 0 (b) le — Xy = 5 (C) 4x1 +2x2 =6
X1 —2x, =4 X1 —2x, =4 6x; +3x, =9

has no solution, a unique solution, and infinitely many solutions, resp.

X2 X2 X

==t - Linear Algebra
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4. Linear Dependence and Span

il
LHr

..._.
10

(linearly independent): O{Ljgt HIEE L2

=2l
1 d

Z=&(linearly dependent):

5

ks

Bl

=
(o]

ar
=

il
LHr

J._.
110

mX}t

(nonsingular, invertible)

=1
20| =)

(square) &E0|11, HaHAHO0|

tX| 242 (singular)

(6

1o

©
| -

O
()

()

<
S
©
)
-

]
I
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4. Linear Dependence and Span

K
A Example 2.14

Consider R* with

1 1 —1
2 1 —2

Ly = _3|> Lo — ol L3 — 1 |- (2.67)
i 4 | (2] 1

To check whether they are linearly dependent, we follow the general ap-
proach and solve

Ml [ [—1]
2 1 —2
A&y + Ay + Azg = Ay _3 + Ao 0 + As 1| = 0 (2.68)
4 2 1

==t - Linear Algebra
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4. Linear Dependence and Span

IR

for Ai,...,A3. We write the vectors x;, ¢ = 1,2, 3, as the columns of a
matrix and apply elementary row operations until we identify the pivot
columns:

1 1 —1] (1 1 -1

2 1 -2 0 1 O
30 1| 7777 Joo 1 (2.69)
42 1] 0 0 0|

Here, every column of the matrix is a pivot column. Therefore, there is no
non-trivial solution, and we require A\; = 0, A\, = 0, A3 = 0 to solve the
equation system. Hence, the vectors x,, x>, 3 are linearly independent.

==t - Linear Algebra
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5. Norms
#IE{O| 37|
- FJ| EE E(norm): HE{ZZHvector space) VO CHSE &t ||-]|: V - R, Of2H A& Ot=
HfsxHabsolutely homogeneous): [|[Ax]| = |A]]|x]|
H2ESA(triangle inequality): [[x + yll < |lx|| + [yl
0| HE S (positive definite): () [|x]l =0, (i) [[x|]| =0 x=10

« P LEIxll, = (Zilxilp)p
E[H(max) =& ||1x]| = ml.aXlel

210| 37|
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Example 3.1 (Manhattan Norm)
The Manhattan norm on R" is defined for & € R as

T

|zl := ) |l (3.3)

oA i=1
where | - | is the absolute value. The left panel of Figure 3.3 shows all
vectors € R? with ||||; = 1. The Manhattan norm is also called ¢,
norm.

Example 3.2 (Euclidean Norm)
The Euclidean norm of & € R" is defined as

' A (3.4)

and computes the Euclidean distance of x from the origin. The right panel
of Figure 3.3 shows all vectors * € R* with ||x|[; = 1. The Euclidean
norm is also called ¢, norm.

==t - Linear Algebra
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5. Norms

AR RALE

T

» = HIE x,y A0|Q] Zt woll THBH, cosw = ——
llxll2 [yl
OlLH| Example 3.6 (Angle between Vectors) A
Let us compute the angle between = [1,1]" € R?andy = [1,2]' € R?; Yy
see Figure 3.5, where we use the dot product as the inner product. Then
we get
T 1+
CoOsw = (. y) — r Y — i , (3.26) T
Viez) (yy) Va'zy'y V10
and the angle between the two vectors is arccos(—75) ~ 0.32rad, which >
0 1

corresponds to about 18°.

==t - Linear Algebra
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5. Norms

HIE{9| St

- HIE{ZZH(vector space):
HIE Eet Vet ALt MBS+ : V xV - V), AZESE( R XV > V)2 = F9|

- HIE{ZZH0] DtEolfOf of= L X:
BHiHR(distributivity): VAER, x, y €V :A-(x+y) =1-x+1-y
SHHAI(distributivity): VALY ER, x €V (A +Y) - x=1-x+ ¢ - x
AstH Rl (associativity): VALY ER, x €V iA- (Y- x) = (1 ) - x
st=2l(neutral element): Vx €V i1 -x =x

25t - Linear Algebra
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5. Norms

HIE{ O] L&

- WX(inner product): Q:V x V - RO| Of2ff X452 Ut=oH L{X0|2t &
g_o(blllnearlty) Vx,y,z€V, LY € R: Qx + Yy, z) = 1Q(x, 2) + YQ(y, 2)
IS MSA(bilinearity): Vx,y,z € V, L, € R: Q(x, Ay + Yz) = 1Q(x, y) + pQ(x, 2)
I1H"'(symme’tr|c:) vx,y €V : Qx,y) = Q(y, x)
U9l HE S (positive definite): Vx € V\{0} : Q(x,x) > 0, 2(0,0) =0

o Qx,y) UM (x, y)E = 7|

HIE{ 9| Z 0]
 4O0|(length): |lx]l = /(x, x)
- 7{2|(distance): d(x,y) = lx —yll = J{(x -y, x — y)

==t - Linear Algebra
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6. Special Kinds of Matrices and Vectors

L2yl 2

- [HZte4 B (diagonal matrix): D; ; = 0 if i = j £ Pt&dH= &E D
55 312 (identi ix): L if0=] 2 qpxgie sy

+ SSBH(dentity matrix): I; =14 ¢ LB RS S |

- HIF x9| 2t &2 OjZtak(diagonal entry) 22 7tX|= CHZEHZ 0| diag(v) Y M,

.
diag(v)™t = diag( e )
U1
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6. Special Kinds of Matrices and Vectors

oI ES

=

T E{(unit vector): [|x||; = 191 HIE| x

1E
o
1o
1A
=
0

ul(orthogonal, perpendicular): xTy = 001 HIE] x,y
Tl (orthonormal): ZIWO|HA] THRHIE{Ol AR

= 5 HIE ALO[2] 20| 90 S 2|0

El= XHH0| S 3._ D= HEHS AW

- R"0l= =/} n7HQ| XS Eu(mutually orthogonal)Q! GHIE{7} Ot HIE{S0| &XY

oz 1A

d

g 1A
£

==t - Linear Algebra
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6. Special Kinds of Matrices and Vectors

04| K

A
T

Example 3.8 (Orthonormal Basis)

The canonical/standard basis for a Euclidean vector space R™ is an or-

thonormal basis, where the inner product is the dot product of vectors.
In R?, the vectors

1 [1 1 [1
b, — — by = — (3.35)
=zl =zl
form an orthonormal basis since b, b, = 0 and ||b,|| = 1 = ||b,].

st - Linear Algebra
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6. Special Kinds of Matrices and Vectors

A=A Ay

- | W3l AH(orthogonal matrix): ATA=AAT = IOl &#H 4

« XIWSHEHO| AL 471 = AT7} MESI0] s HAHO| M

-« HWHAS Hol= A2 HHE2| ZO|(length)E HatolX| = Hets 2|0
|Ax||? = (Ax)"(Ax) = x"TATAx = x"Ix = x"x = ||x||?

- HudlHS Hote A2 #E AL0]2] ZHangle)S HalotX| fi= Hets 2[0|
cosw =A@ _ XAty @T®

lAxlllAyl — JxTATAxyTaTay  lixllyll

==t - Linear Algebra
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6. Special Kinds of Matrices and Vectors

04| K

A
T

Example 3.12 (Gram-Schmidt Orthogonalization)

r |
bz bQ U bg I
|
|
- = o Irl -
0 b, 0 Mepanu,](D2) w1 0 Mepanfu,| (b2) 1
(a) Original non-orthogonal (b) First new basis vector (¢) Orthogonal basis vectors wu;
basis vectors by, bs. w1 = b; and projection of b2 and us = ba — Tspan(u] (b2).
onto the subspace spanned by
w7 .

st - Linear Algebra
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6. Special Kinds of Matrices and Vectors

Ol X
Consider a basis (b;, by) of R?, where
2 1
b, = [0] , by = [1] : (3.69)

see also Figure 3.12(a). Using the Gram-Schmidt method, we construct an
orthogonal basis (u,,u,) of R* as follows (assuming the dot product as
the inner product):

2
U, = bl = [0:| . (3-7‘0)
T
- (3.45) U U, (1 1 0] |1f 1O
R TR
(3.71)

==t - Linear Algebra
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7. Eigendecomposition

2 A0 CHolf Av = AwE TtEot= AZEL A, FO| Ot HIE] v2| & (4, v)E eigenpairgtd! ¢t
R (eigenvalue), T A7t TRZ0|H sA, s € R\{0} L5t TRt

|E{(eigenvector)

E

2 A0 CHal n7he] M= TRHUE (v, ..., v )7} EXHSHCHH,

n
A A2 1Re =M (eigendecomposition)= CHS 1t 20| E31: A = VAV

« A=VAV 1= A% = WAV Dk = vAkpy 1
« det(4) = det(VAV™!) = det(V) det(A) det(V~1) = det(A) = [; 4

==t - Linear Algebra
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/. Eigendecomposition

Ol A
- S [fHEO| HIE Q| 7|2 H3Kscale)dt! 3|F(rotate)A|7| X[, TQHIE= 37|20t HSIA|Z
o gt IQUHIEE UM HHZS 0|Zot AlMZ Hresleh 4+ U2

Uz | . ———r

2ot - Linear Algebra
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Example 4.5 (Computing Eigenvalues, Eigenvectors, and
Eigenspaces)
Let us find the eigenvalues and eigenvectors of the 2 x 2 matrix

4 2
A = [1 3] : (4.28)

Step 1: Characteristic Polynomial. From our definition of the eigen-
vector & # 0 and eigenvalue A\ of A, there will be a vector such that
Ax = Az, i.e., (A — A )x = 0. Since & # 0, this requires that the kernel
(null space) of A — AI contains more elements than just 0. This means
that A — AT is not invertible and therefore det(A — AI') = (. Hence, we
need to compute the roots of the characteristic polynomial (4.22a) to find
the eigenvalues.

Step 2: Eigenvalues. The characteristic polynomial is

pa(A) =det(A — \I) (4.29a)
4 2 A0 4—-X 2

B RPN

=4-A)3B-A)-2-1. (4.29¢)

We factorize the characteristic polynomial and obtain
PA)=14—-XN)B—-A)—-2-1=10—-TA+ X =(2-X)(5-2A) (4.30)

giving the roots A\, = 2 and \, = 5.

— Linear Algebra



Step 3: Eigenvectors and Eigenspaces. We find the eigenvectors that Page 37 Page 37/52

correspond to these eigenvalues by looking at vectors @ such that

[4—)\ 2

: S_I}szn. (4.31)

For A = 5 we obtain
1 3-5] |z |1 2| |z '
We solve this homogeneous system and obtain a solution space
2
E; = span]| !J] . (4.33)
This eigenspace is one-dimensional as it possesses a single basis vector.

Analogously, we find the eigenvector for A = 2 by solving the homoge-
neous system of equations

4—2 2 2 2
{ ) 3_2]:1:—[1 1]:1:—0. (4.34)
This means any vector & = [il} , Where x5 = —xq, such as [ 11], is an
) _

eigenvector with eigenvalue 2. The corresponding eigenspace is given as

E, = span]| !_11]] . (4.35)

— Linear Algebra
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/. Eigendecomposition

IR
. CHAYE A0 DRUSHE TS 20| EH JHs5: 4 = QAQT
o Q= 49| K13

Wl (orthogonal matrix), & €=

= EEO| I-I'I_'IL
2 1z 4k A;0 Colf k=l

W (orthonomal)
NQHIE] ) -

Hi5F0 2 0| 27+ 3 7|tH3K(scaling)

] Before multiplication

. After multiplication

=5t -

=!I — Linear Algebra
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7. Eigendecomposition

- 0|XF&dAl(quadratic expression): f(x) = xTAx

o ”x”2 — 10I [[H fOl xlEH?I'O J__,_,_7|'O| |L'. 7I:l)|k-, _;'E_ljt_7l-8 ﬂ%7l-9_| _;:c_l_j\.c7l-ll_|. %OI

« U] MES(positive definite): WHL| IRZH0| 25 > 0 (= 02! AL semi-
Vx#=0: x"Ax > 092 HO| 7}=

: % o] M= S (negative definite): 2| 1RL0| B5 < 0 (< 09! AL semi-
x#+0: x"Ax < 092 HM9| J}=

- EHARRECOZ A0 ME: xTAx=0=>x=0

ot =5t - Linear Algebra
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7. Eigendecomposition

IR
Example 3.4 (Symmetric, Positive Definite Matrices)

Consider the matrices

9 6 9 6
a9 ]ty 512
A, is positive definite because it is symmetric and
9 6| |z

= 927 + 12z125 + 5x5 = 3z + 232)° + 25 > 0 (3.13b)

for all x € V'\{0}. In contrast, A, is symmetric but not positive definite
because ' Asx = 927 + 122125 + 325 = (321 + 2x2)? — x5 can be less
than 0, e.g., for x = [2, —3] .

==t - Linear Algebra
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8. Singular Value Decomposition

o NRYEM: nxn 3l AN e, A =vAv?
- E0|ZEdl(Singular Value Decomposition, SVD): m x n 8§ A0 CHolf, A = UZVT
U: m X m orthonormal matrix, left-singular vectors of 4
V: n X n orthonormal matrix, right—singular vectors of A
X: m X n diagonal matrix, singular values of 4, X; ; = {%i 12 ;j 0|1, g; = 0 OI=
« O]}, U D, V= =22 OI=:
U: AATO| TQHIES - -
V: ATAQ IQHES dal =< v |z v]:
£ AATO| IRUS EE ATAS IRYS
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8. Singular Value Decomposition

+ EO0|ZH2aH: m x n Y A0 CH3H, A = UZVT
¢ BORYHA VI = 1,7 Av; = oy, B, w; = - Av,
- E0|Zk A9 A =%=(rank) r € [0, min(m,n)]0| CHaH, 0y = 0, = - = 0, = 0
012 e 0

: = UZVHWIV)T = USVTVETUT =UssTUT = U | . i |UT

0 O-T%’L_

012 e 0

.« ATA=(USV)TWEV) =VETUTUSYT =VvETEVT =V | : -~ |7

ot =5t - Linear Algebra
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Example 4.13 (Computing the SVD)
Let us find the singular value decomposition of

ol K A—[l 01].

P (4.81)

The SVD requires us to compute the right-singular vectors v, the singular
values o}, and the left-singular vectors u,;.

Step 1: Right-singular vectors as the eigenbasis of A' A.
We start by computing

1 -2 5 -2 1
o T[0T
1 0 1 0 1

We compute the singular values and right-singular vectors v; through
the eigenvalue decomposition of A" A, which is given as

ATA= (4.82)

%= 0 2|16 0 0] (X & *l
T *9 1 ! - 1 3 T
“‘—@ZE?[““ S Y | TPPEP
7% v w000 )% F# &
(4.83)

==t - Linear Algebra




Step 2: Singular-value matrix. Page 44 Page 44/52
As the singular values o; are the square roots of the eigenvalues of

A" A we obtain them straight from D. Since rk(A) = 2, there are only
two nonzero singular values: o, = V6 and o, = 1. The singular value
matrix must be the same size as A, and we obtain

0}l > - [‘[/}6 [1} g] . (4.85)

Step 3: Left-singular vectors as the normalized image of the right-
singular vectors.

We find the left-singular vectors by computing the image of the right-
singular vectors under A and normalizing them by dividing them by their
corresponding singular value. We obtain

1 L[l[)l'

5
V30 1
9 1 0| |v®| = [‘ﬁz] (4.86)
NN V5
V30

1 171 0 17|93 —
U, = —Av, = — [_2 1 0] % — [f] : (4.87)
T9 1 2 V5
-5
1 1 2
U = [u1,uz] = /5 [2 1] ' (4.88)

==t - Linear Algebra
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8. Singular Value Decomposition

AR atEol

- IRUBoH= dH A € R0 Uish S
o IRUFHA=VAV 0N V= 2L HH
»  Basis H&t - Scaling — Basis &t 4=3}
« IRUZ ST/ E T US

£0|gtFol

- S0[UEol= dE 4 € R™0 CHolf &+
- E0|Z2HA=UZVTUN U, VE SH X
* Basis gt - Scaling — Basis Heat =&
- EO0|Zf2 &4t 30| OFE(non—negative)




8. Singular Value Decomposition

04| K

Finding structure in movie ratings and consumers

e

§=

=3

< o)

Star Wars I 5! 4
Blade Runner | 5 D
Amelie | 0 0
Delicatessen ! 1 0

2ot - Linear Algebra

Chandra

e OO =

—0.6710
—0.7197
—0.0939
—0.1515

9.6438

0.0236  0.4647

0.2054  —0.4759

—0.7705  —0.5268

—0.6030  0.5293

0 olr
6.3639 0
0 0.7056

0 01|

—0.5774

0.4619
—(0.3464
—0.5774

—0.7367
0.0852
0.6708

Page 46 /21 15 577)

—0.6515
0.1762
—0.7379

—0.1811
—0.9807
—0.0743
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8. Singular Value Decomposition

-]

. \ p A \ G1UqVy o,U,V,
( ( E H I I O |
x Vi
m
myl AT ™ ~ +

\ \ o G; ... scalar
U u ... vector
V: ... vector

==t - Linear Algebra
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9. The Moore—Penrose Pseudoinverse

Moore—Penrose S A& =

- Ax = b2t= 2HE ZE7| QoA 49| left-inverseQl BE Y¥HY| 5& 4= QUCHH x = Bb
- lH A4 e R™"0 ol m > nO|H off7} S = AT, m < nO|H off7} Fo| HE = US
© FAIEHE:
At =VItUT =V Z: Orxm—ry | yr _ (ATA)~ AT
O(n—r)xr O(n—r)x(m—r)
o QAIIHEL ||Ax — b||, = FAZR St= | Kol

ot =5t - Linear Algebra
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10. The Trace Operator

CHZt5t

g

CHZtet(trace): Tr(A4) = X, 4;;

Frobenius '=5: ||Allr = [%;;AZ; = {/Tr(4AT)

Tr(aA) = aTr(A)

Tr(A") = Tr(4)

Tr(A+ B) = Tr(4) + Tr(B)

Tr(AB) = Tr(BA)

Tr([T, F®) = Tr(F™W [T F®), e.g., Tr(ABC) = Tr(CAB) = Tr(BCA)

==t - Linear Algebra



11. The Determinant

A4

- SHEA(determinant): det(4) Figure 4.2 The area

A derl) %0 o P

* det(ad) = a™det(A4) spanned by the

+ det(47) = det(4) M

. det(A™1) = 1/ det(4) RS -

+ det(AB) = det(A) det(B) .

* T7} upper-triangular M|, det(T) = [1}2, T;; .
-

SHUHA py(2) = det(4 — AD)
= Co + C1}1 + -+ Cn—ll’ln_1 + (_1)71,1”
= ¢o = det(A),cp—1 = (=D 'Tr(4)

ot 2~k - Linear Algebra
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Figure 4.3 The
volume of the
parallelepiped
(shaded volume)
spanned by vectors
r.b, . gis

|det([r, b, g])I.
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12. Principal Component Analysis

P C—==
SSSCER

«  XF=A(dimensionality reduction):
IXHE HI0[E 2| 22 Q2Kredundant) 2 E E0{A H|O|E 2| RIS FAol= WH
o FHEEXM(Principal Component Analysis, PCA):
X OI0|EE FH&E(principal component)t| £ (projection)dtt] XIS SA6H= At

- CIO|HQ BEE z|tiet |RX[SIHM xRS F4017| floh =4H(variance)0| 2 ek =x1X MH

original data space

Second principal component

First principal component

Gene 3

==t - Linear Algebra
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  ℝ


  ℕ


  s ∈ ℝ


  n ∈ ℕ


  n


  𝒙 =  (  x 1 , … ,  x n ) =  [     x 1   ⋮      x n ] ∈  ℝ n  


  𝒙


  i


   x i


  S =  {  i 1 , … ,  i  | S | }


   𝒙 S =  (  x   i 1 , … ,  x   i   | S | ) ∈  ℝ   | S |


  ∀ 𝒙 , 𝒚 ∈  ℝ n


  𝒙 + 𝒚 =  (  x 1 +  y 1 , … ,  x n +  y n )


  ∀ 𝜆 ∈ ℝ , 𝒙 ∈  ℝ n


  𝜆 𝒙 = 𝜆  (  x 1 , … ,  x n ) =  ( 𝜆  x 1 , … , 𝜆  x n )


  m × n


  𝑨 =  [     A  1 , 1  ⋯   A  1 , n   ⋮  ⋱  ⋮    A  m , 1  ⋯   A  m , n ] ∈  ℝ  m × n


  𝑨


  ( i , j )


   A  i , j


  𝑨


  i


   𝑨  i , :


  ∈  ℝ n


  𝑨


  j


   𝑨  : , j ∈  ℝ m


  f


  ( i , j )


  f    ( 𝑨 )  i , j


  𝐀


  (  i 1 , … ,  i k )


   A   i 1 , … ,  i k


  𝑨


   𝑨 ⊤


     (  𝑨 ⊤ )  i , j =  A  j , i


   


  𝑨


  𝑩


  𝑪 = 𝑨 + 𝑩


   C  i , j =  A  i , j +  B  i , j


  𝑫 = a ⋅ 𝑩


   D  i , j = a ⋅  B  i , j


  𝑫 = a ⋅ 𝑩 + c


   D  i , j = a ⋅  B  i , j + c


  𝑪 = 𝑨 + 𝒃


   C  i , j =  A  i , j +  B j


  𝒙 , 𝒚


   𝒙 ⊤ 𝒚 =   ∑ i   x i  y i


  𝑨


  𝑩


  𝑪 = 𝑨 𝑩


   C  i , j =   ∑ k   A  i , k  B  k , j


  𝑨


  𝑩


  𝑪 = 𝑨 ⨀ 𝑩


   C  i , j =  A  i , j ⋅  B  i , j


  ∀ 𝑨 ∈  ℝ  m × n ,   𝑩 ∈  ℝ  n × p     :    ( 𝑨 𝑩 ) 𝑪 = 𝑨 ( 𝑩 𝑪 )


  𝑨 , 𝑩 ∈  ℝ  m × n ,   𝑪 , 𝑫 ∈  ℝ  n × p   :    ( 𝑨 + 𝑩 ) 𝑪 = 𝑨 𝑪 + 𝑩 𝑪 ,     𝑨  ( 𝑪 + 𝑫 ) = 𝑨 𝑪 + 𝑨 𝑫


  𝑨 𝑩 ≠ 𝑩 𝑨


   𝒙 ⊤ 𝒚 =  𝒚 ⊤ 𝒙


     ( 𝑨 𝑩 ) ⊤ =  𝑩 ⊤  𝑨 ⊤


   {     A  1 , 1  x 1 + … +  A  1 , n  x n =  b 1   ⋮    A  m , 1  x 1 + … +  A  m , n  x n =  b m


   (  x 1 , … ,  x n )


  𝑨 𝒙 = 𝒃


  𝑨 ∈  ℝ  m × n


  𝒃 ∈  ℝ m


  𝒙 ∈  ℝ n


  𝑨 𝒙 = 𝒃


  𝑨 𝒙 = 𝟎


  n


   𝑰 n


  𝑰


  ∀ 𝒙 ∈  ℝ n


   𝑰 n 𝒙 = 𝒙


   𝑨  − 1 𝑨 = 𝑨  𝑨  − 1 =  𝑰 n


   𝑨  − 1


  𝑨


  𝑨


  𝑨 𝒙 = 𝒃   ⇔  𝑨  − 1 𝑨 𝒙 =  𝑨  − 1 𝒃 ⇔ 𝒙 =  𝑨  − 1 𝒃


  𝑨


  𝑨 𝒙 = 𝒃   ⇔  𝑨 ⊤ 𝑨 𝒙 =  𝑨 ⊤ 𝒃   ⇔ 𝒙 =    (  𝑨 ⊤ 𝑨 )  − 1  𝑨 ⊤ 𝒃


   𝑰 3 =  [    1  0  0   0  1  0   0  0  1 ]


   {  𝒗   ( 1 ) , … ,  𝒗   ( n ) }


   c 1 , … ,  c n


    ∑ i   c i  𝒗   ( i )


   {  𝒗   ( 1 ) , … ,  𝒗   ( n ) }


   {   ∑ i   c i  𝒗   ( i ) |  c 1 , … ,  c n ∈ ℝ }


   { 𝑨 𝒙 | 𝒙 ∈  ℝ n } =  {   ∑ i   x i  𝑨  : , i |  x 1 , … ,  x n ∈ ℝ } ⊆  ℝ m


  𝑨 𝒙 = 𝒃


  𝑨


  𝒃


   {    2  x 1 +  x 2 = 3   2  x 1 −  x 2 = 0    x 1 − 2  x 2 = 4


   {    2  x 1 +  x 2 = 3   2  x 1 −  x 2 = 5    x 1 − 2  x 2 = 4


   {    2  x 1 +  x 2 = 3   4  x 1 + 2  x 2 = 6   6  x 1 + 3  x 2 = 9


  m


  n


  n


  m


  m


   ℝ m


  m × m


  V


   ‖ ⋅ ‖ : V → ℝ


   ‖ 𝜆 𝒙 ‖ =  | 𝜆 |  ‖ 𝒙 ‖


   ‖ 𝒙 + 𝒚 ‖ ≤  ‖ 𝒙 ‖ +  ‖ 𝒚 ‖


   ‖ 𝒙 ‖ ≥ 0


   ‖ 𝒙 ‖ = 0 ⇔ 𝒙 = 𝟎


   L p


     ‖ 𝒙 ‖ p =    (   ∑ i     |  x i | p )   1 p


     ‖ 𝒙 ‖ ∞ =    max i ⁡   |  x i |


     ‖ 𝑨 ‖ F =    ∑  i , j   A  i , j 2


   L 2


  𝒙 , 𝒚


  w


   cos ⁡ w =    𝒙 ⊤ 𝒚     ‖ 𝒙 ‖ 2    ‖ 𝒚 ‖ 2


  V


  +     : V × V → V


  ⋅     : ℝ × V → V )


  ∀ 𝜆 ∈ ℝ


  𝒙 , 𝒚 ∈ V


  𝜆 ⋅  ( 𝒙 + 𝒚 ) = 𝜆 ⋅ 𝒙 + 𝜆 ⋅ 𝒚


  ∀ 𝜆 , 𝜓 ∈ ℝ ,  𝒙 ∈ V  :   ( 𝜆 + 𝜓 ) ⋅ 𝒙 = 𝜆 ⋅ 𝒙 + 𝜓 ⋅ 𝒙


  ∀ 𝜆 , 𝜓 ∈ ℝ


  𝒙 ∈ V


  𝜆 ⋅  ( 𝜓 ⋅ 𝒙 ) =  ( 𝜆 ⋅ 𝝍 ) ⋅ 𝒙


  ∀ 𝒙 ∈ V


  1 ⋅ 𝒙 = 𝒙


  Ω : V × V → ℝ


  ∀ 𝒙 , 𝒚 , 𝒛 ∈ V


  𝜆 , 𝜓 ∈ ℝ


  Ω  ( 𝜆 𝒙 + 𝜓 𝒚 , 𝒛 ) = 𝜆 Ω  ( 𝒙 , 𝒛 ) + 𝜓 Ω  ( 𝒚 , 𝒛 )


  ∀ 𝒙 , 𝒚 , 𝒛 ∈ V


  𝜆 , 𝜓 ∈ ℝ


  Ω  ( 𝒙 , 𝜆 𝒚 + 𝜓 𝒛 ) = 𝜆 Ω  ( 𝒙 , 𝒚 ) + 𝜓 Ω  ( 𝒙 , 𝒛 )


  ∀ 𝒙 , 𝒚 ∈ V


  Ω  ( 𝒙 , 𝒚 ) = Ω ( 𝒚 , 𝒙 )


  ∀ 𝒙 ∈ V \ { 𝟎 }  


  Ω  ( 𝒙 , 𝒙 ) > 0


  Ω  ( 𝟎 , 𝟎 ) = 0


  Ω  ( 𝒙 , 𝒚 )  


  ⟨ 𝒙 , 𝒚 ⟩


   ‖ 𝒙 ‖ =  ⟨ 𝒙 , 𝒙 ⟩


  d  ( 𝒙 , 𝒚 ) =  ‖ 𝒙 − 𝒚 ‖ =  ⟨ 𝒙 − 𝒚 , 𝒙 − 𝒚 ⟩


   D  i , j = 0


  i ≠ j


  𝑫


   I  i , j =  {    1  if   i = j   0  if   i ≠ j


  𝑰


  𝒙


  diag  ( 𝒗 )


  diag  ( 𝒗 ) 𝒙 = 𝒗 ⨀ 𝒙


  diag    ( 𝒗 )  − 1 = diag  (    [  1   v 1 , … ,  1   v n ] ⊤ )


  𝑨 =  𝑨 ⊤


  𝑨


  ∀ i , j ∈    { 1 , … , n } :  A  i , j =  A  j , i


     ‖ 𝒙 ‖ 2 = 1


  𝒙


   𝒙 ⊤ 𝒚 = 0


  𝒙 ,   𝒚


   ℝ n


  n


   𝑨 ⊤ 𝑨 = 𝑨  𝑨 ⊤ = 𝑰


  𝑨


     𝑨  − 1 = 𝑨 ⊤


     ‖ 𝑨 𝒙 ‖ 2 =    ( 𝑨 𝒙 ) ⊤  ( 𝑨 𝒙 ) =  𝒙 ⊤  𝑨 ⊤ 𝑨 𝒙 =  𝒙 ⊤ 𝑰 𝒙 =  𝒙 ⊤ 𝒙 =    ‖ 𝒙 ‖ 2


   cos ⁡ w =      ( 𝑨 𝒙 ) ⊤  ( 𝑨 𝒚 )   ‖ 𝑨 𝒙 ‖  ‖ 𝑨 𝒚 ‖ =    ‖  𝒙 ⊤  𝑨 ⊤ 𝑨 𝒚 ‖    𝒙 ⊤  𝑨 ⊤ 𝑨 𝒙  𝒚 ⊤  𝑨 ⊤ 𝑨 𝒚 =      ( 𝒙 ) ⊤  ( 𝒚 )   ‖ 𝒙 ‖  ‖ 𝒚 ‖


  n × n


  𝑨


  𝑨 𝒗 = 𝜆 𝒗


  𝜆


  𝒗


   ( 𝜆 , 𝒗 )


  𝜆


  𝑨


  𝜆


  s 𝜆


  s ∈ ℝ \ { 0 }


  𝒗


  𝑨


  n × n


  𝑨


  n


   {  𝒗   ( 1 ) , … ,  𝒗   ( n ) }


  𝑨


  𝑨 = 𝑽 𝚲  𝑽  − 1


  𝑽 =  [  𝒗   ( 1 ) …  𝒗   ( n ) ]


  𝚲 = diag  ( 𝝀 ) = diag  (  𝜆 1 , … ,  𝜆 n )


  𝑨 = 𝑽 𝚲  𝑽  − 1 ⇒  𝑨 k =    ( 𝑽 𝚲  𝑽  − 1 ) k = 𝑽  𝚲 k  𝑽  − 1


  det  ( 𝑨 ) =  det ⁡   ( 𝑽 𝚲  𝑽  − 1 ) =  det ⁡   ( 𝑽 )  det ⁡   ( 𝚲 )  det ⁡   (  𝑽  − 1 ) =  det ⁡   ( 𝚲 ) =   ∏ i   𝜆 i


  𝑨


  𝑨 = 𝑸 𝚲  𝑸 ⊤


  𝑸


  𝑨


  𝑨


   𝜆 i


   𝒗   ( i )


  f  ( 𝒙 ) =  𝒙 ⊤ 𝑨 𝒙


     ‖ 𝒙 ‖ 2 = 1


  f


  > 0


  ≥ 0


  ∀ 𝒙 ≠ 𝟎   :    𝒙 ⊤ 𝑨 𝒙 > 0


  < 0


  ≤ 0


  ∀ 𝒙 ≠ 𝟎   :    𝒙 ⊤ 𝑨 𝒙 < 0


   𝒙 ⊤ 𝑨 𝒙 = 0 ⇒ 𝒙 = 𝟎


  n × n


  𝑨


  𝑨 = 𝑽 𝚲  𝑽  − 1


  m × n


  𝑨


  𝑨 = 𝑼 𝚺  𝑽 ⊤


  𝑼


  m × m


  𝑨


  𝑽


  n × n


  𝑨


  𝚺


  m × n


  𝑨


   Σ  i , j =  {     𝜎 i  if   i = j   0  if   i ≠ j


   𝜎 i ≥ 0


  𝑼 ,   𝑫 ,   𝑽


  𝑼


  𝑨  𝑨 ⊤


  𝑽


   𝑨 ⊤ 𝑨


  𝚺


  𝑨  𝑨 ⊤


   𝑨 ⊤ 𝑨


  m × n


  𝑨


  𝑨 = 𝑼 𝚺  𝑽 ⊤


  ∀ i = 1 , … , r


  𝑨  𝒗 i =  𝜎 i  𝒖 i


   𝒖 i =  1   𝜎 i 𝑨  𝒗 i


  𝑨


  r ∈  [ 0 ,  min ⁡   ( m , n ) ]


   𝜎 1 ≥  𝜎 2 ≥ … ≥  𝜎 r ≥ 0


  𝑨  𝑨 ⊤ =  ( 𝑼 𝚺  𝑽 ⊤ )    ( 𝑼 𝚺  𝑽 ⊤ ) ⊤ =


  𝑼 𝚺  𝑽 ⊤ 𝑽  𝚺 ⊤  𝑼 ⊤ = 𝑼 𝚺  𝚺 ⊤  𝑼 ⊤ = 𝑼  [     𝜎 1 2  ⋯  0   ⋮  ⋱  ⋮   0  ⋯   𝜎 m 2 ]  𝑼 ⊤


   𝑨 ⊤ 𝑨 =    ( 𝑼 𝚺  𝑽 ⊤ ) ⊤  ( 𝑼 𝚺  𝑽 ⊤ ) = 𝑽  𝚺 ⊤  𝑼 ⊤ 𝑼 𝚺  𝑽 ⊤ = 𝑽  𝚺 ⊤ 𝚺  𝑽 ⊤ = 𝑽  [     𝜎 1 2  ⋯  0   ⋮  ⋱  ⋮   0  ⋯   𝜎 n 2 ]  𝑽 ⊤


  𝑨 ∈    ℝ  n × n


   det ⁡   ( 𝑨 − 𝜆 𝑰 ) = 0


  𝑨 = 𝑽 𝚲  𝑽  − 1


  𝑽


  →


  →


  𝑨 ∈    ℝ  m × n


  𝑨 = 𝑼 𝚺  𝑽 ⊤


  𝑼 , 𝑽


  →


  →


  T


  𝑨 𝒙 = 𝒃


  𝑨


  𝑩


  𝒙 = 𝑩 𝒃


  𝑨 ∈    ℝ  m × n


  m > n


  m < n


   𝑨 + = 𝑽  𝚺 +  𝑼 ⊤ = 𝑽  [     𝚺 r  − 1   𝟎  r × ( m − r )    𝟎   ( n − r ) × r   𝟎   ( n − r ) × ( m − r ) ]  𝑼 ⊤ =    (  𝑨 ⊤ 𝑨 )  − 1  𝑨 ⊤


     ‖ 𝑨 𝒙 − 𝒃 ‖ 2


  Tr  ( 𝑨 ) =   ∑ i   A  i , i


     ‖ 𝑨 ‖ F =    ∑  i , j   A  i , j 2 =  Tr  ( 𝑨  𝑨 ⊤ )


  Tr  ( 𝛼 𝑨 ) = 𝛼 Tr  ( 𝑨 )


  Tr  (  𝑨 ⊤ ) = Tr  ( 𝑨 )


  Tr  ( 𝑨 + 𝑩 ) = Tr  ( 𝑨 ) + Tr  ( 𝑩 )


  Tr  ( 𝑨 𝑩 ) = Tr  ( 𝑩 𝑨 )


  Tr  (   ∏  i = 1 n   𝑭  ( i ) ) = Tr  (  𝑭  ( n )   ∏  i = 1  n − 1   𝑭  ( i ) )


  Tr  ( 𝑨 𝑩 𝑪 ) = Tr  ( 𝑪 𝑨 𝑩 )


  = Tr  ( 𝑩 𝑪 𝑨 )


  det  ( 𝑨 )


  𝑨


  ⇔   det  ( 𝑨 ) ≠ 0


  det  ( 𝛼 𝑨 ) =  𝛼 n det  ( 𝑨 )


  det  (  𝑨 ⊤ ) = det  ( 𝑨 )


  det  (  𝑨  − 1 ) = 1 /  det ⁡  ( 𝑨 )


  det  ( 𝑨 𝑩 ) = det  ( 𝑨 )  det ⁡  ( 𝑩 )


  𝑻


  det  ( 𝑻 ) =   ∏  i = 1 n   T  i , i


   p 𝑨  ( 𝜆 ) =  det ⁡   ( 𝑨 − 𝜆 𝑰 )


  =  c 0 +  c 1 𝜆 + … +  c  n − 1  𝜆  n − 1 +    ( − 1 ) n  𝜆 n


  ⇒  c 0 =  det ⁡   ( 𝑨 ) ,    c  n − 1 =    ( − 1 )  n − 1 Tr  ( 𝑨 )

